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Abstract
We study the black ring solution in the Einstein-Gauss-Bonnet (EGB) theory at large D.
By using the 1/D expansion in the near horizon region we derive the effective equations for
the slowly rotating black holes in the EGB theory. The effective equations describe the non-
linear dynamics of various stationary solutions, including the EGB black ring, the slowly rotating
EGB black hole and the slowly boosted EGB black string. By different embeddings we construct
these stationary solutions explicitly. By performing the perturbation analysis of the effective
equations, we obtain the quasinormal modes of the EGB black ring. We find that thin EGB black
ring becomes unstable against non-axisymmetric perturbation. Furthermore, we numerically
evolve the effective equations in a particular case to study the final state of the instability, and
find that the thin black ring becomes the stable non-uniform black ring at late time, which gives
a relative strong evidence to support the conjecture given in [25].
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1 Introduction
Black ring is an interesting black object in higher dimensional Einstein gravity. In higher
dimensions, due to the ineffectiveness of the uniqueness theorem the black hole physics are much
more rich [1, 2]. The prototype in higher dimensional black holes is the five-dimensional black ring,
as the first asymptotically flat black hole with a non-spherical topology [3]. Since its discovery, the
subsequent developments have greatly enriched our understanding of the black hole physics in five
dimensions. Nevertheless, the black hole solutions in more than five dimensions has not been fully
explored. For example, unlike the case in five dimensions, the exact black ring solution in higher
dimensions is still lacking. All the constructions of the black rings in higher dimensions were based
on the numerical methods [4] and analytical approximation method such as the blackfold method
[5, 6].
An important aspect of the black ring is its dynamical stability. First of all, the thin black ring
suffers from the Gregory-Laflamme (GL)-like instability [7, 8]. This is due to the fact that the thin
black ring is equivalent to a critically boosted black string, which suffers from the Gregory-Laflamme
(GL) instability [9, 10]. Moreover, the fat black ring is unstable under the radial perturbations
[8]. These instabilities have been verified by the numerical study in five dimensions [11–13]. In
particular, it was found in [13] that for a sufficiently thin ring the GL mode is dominant, and its
non-linear evolution leads to the pinch-off of the ring, indicating thus the violation of the weak
cosmic censorship conjecture. However, for a certain thin ring, a new elastic-type instability was
identified and it becomes dominant during the evolution of the black ring, leading the system to a
spherical black hole.
It has recently been shown that in the limit of large D dimensions the gravitational field of a
black hole is confined in the near horizon region [14], thus the black hole can be viewed as a surface
or a thin membrane embedded in a background geometry [15–22]. The membrane is described by
the way it is embedded in the background and its dynamics is governed by the effective equations
obtained from the 1/D expansion of the Einstein equations. Solving the effective equations with
different embeddings, one can construct the black hole solutions with various topologies, and fur-
thermore to study their dynamics [23–35]. For example, in [25] by solving the effective equations
of slowing rotating black holes with the embedding into a flat background in the ring coordinates,
the black ring solution was constructed analytically in the 1/D expansion. Then, by performing
the perturbation analysis of the effective equations, the thin black ring was found to suffer from
the GL-like instability, which is consistent with previous analyses and numerical studies. By per-
forming the 1/
√
D instead of 1/D expansion of the Einstein equations and considering higher order
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corrections of the effective equations, the elastic instability of the black ring was investigated in
[30]. It is interesting to note that from a broader perspective, the large D expansion method of
the black hole is similar to the blackfold method [36, 37]. The difference is that the spacetime
dimension D provides a natural expansion parameter, independent of the specific solution.
The purpose of this work is to study the black ring solutions in the Einstein-Gauss-Bonnet
(EGB) gravity by using the large D expansion method. In the dimensions higher than four, the
Lovelock higher-curvature gravity of various orders is the natural generalization of the Einstein
gravity. One attractive feature of the Lovelock gravity is that its equations of motion are still the
second order differential equations such that the fluctuations around the vacuum do not have ghost-
like mode. Among all the Lovelock gravities, the second-order Lovelock gravity, the EGB gravity,
is of particular interest. It includes the quadratic terms of the curvature tensors which appear as
the leading-order correction in the low energy effective action of the heterotic string theory [38, 39].
Although the generalization of the spherically symmetric Schwarzschild solution in the EGB gravity
has been known for quite a long time [39, 40], the exact solution with non-spherical topology is
still unknown. There are many efforts on the black string solutions in the EGB gravity based on
the numerical analysis in D ≥ 5 [41–43]. However, for the black ring solutions in the EGB gravity,
numerical discussion has been implemented only for D = 5 [44], with the higher dimensional cases
being basically unexplored. The large D expansion method developed recently offers a promising
framework to address this issue.
The large D study of the EGB black holes was initiated in [45], in which the quasinormal modes
in the large D limit have been computed. It has been found that similar to the case of the Einstein
gravity the quasinormal modes can be split into two classes, non-decoupling ones and decoupled
ones [15]. This suggests that the large D EGB black holes can also be viewed as a membrane
embedded in a background, so a large D effective theory should be expected. Indeed, the large D
effective theory of the EGB black holes has been developed and the instability of the static spherical
solution has been investigated in [46]. In [47] by using the large D effective theory the uniform
black string was obtained analytically, the non-uniform black string was obtained numerically, and
the instability was investigated. Like the case in the Einstein gravity [24], the thin EGB black
strings are unstable to developing inhomogeneities along the strings, and at late time they settle
to the stable non-uniform black strings.
Intuitively, one can imagine a black ring as a rotating bent string such that the centrifugal force
balances the string tension. According to the analysis of the blackfold method [5], a thin black ring
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can be identified to be a boosted black string and its horizon angular velocity is determined to be
ΩH =
1√
D − 3
1
R
, (1.1)
where R is the ring radius. At large D since the string tension is small compared with its mass
[14], from the balance condition the horizon angular velocity of the black ring should be small as
well. Thus the condition (1.1) is universal, not just for the thin black rings. In the following the
black holes with the horizon angular velocity of order O(1/√D) will be referred to as the slowly
rotating black holes. On the other hand, from [47] one can find that the tension of a EGB black
string is small compared with its mass at large D. The effect of the GB term is contained in the
1/D corrections of the mass and the tension. Therefore, it should be possible to construct a EGB
black ring solution by bending and rotating the EGB black string, with the horizon angular velocity
being of O(1/√D).
In this paper, we study the EGB black ring and its dynamical instabilities by applying the
large D effective theory. In section 2 we solve the EGB equations with proper metric ansatz and
derive the effective equations for the slowly rotating black holes at large D. We obtain stationary
solutions from the effective equations and discuss thermodynamic quantities of the solutions. In
section 3 we construct the EGB black ring solution explicitly by solving the effective equations with
the embedding of the leading order solution into flat background geometry in the ring coordinates.
In section 4 we investigate the stability of the EGB black ring solution by perturbatively analyzing
the effective equations. We find that the thin black ring suffers from the GL-like instability, and
then we clarify the effect of the GB term on the instability. Furthermore, we numerically study the
non-linear evolution of the GL-like instability to find the end point of the instability. In section 5
we have parallel discussions on the slowly rotating black hole and the slowly boosted black string.
We show that in the large ring radius limit, the EGB black ring is equivalent to the boosted EGB
black string when the boost velocity takes a specific value. We end with a summary and some
discussions in section 6.
2 Effective equations
In this section we study the large D effective theory for the slowly rotating black holes in the
EGB gravity. By solving the EGB equations, we derive the effective equations, which depends
on the mass and the momentum density of a dynamical black object. Then we study the general
properties of the stationary solutions of the effective equations without specifying the embeddings
of the solutions. In the following we use 1/n as the expansion parameter instead of 1/D, where
n = D − 4. (2.1)
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2.1 Set up
We consider the D-dimensional Einstein-Hilbert action supplemented by the GB term:
I =
1
16piG
∫
dDx
√−g
(
Rg + αLGB
)
, (2.2)
with
LGB = RµνλδR
µνλδ − 4RµνRµν +R2g, (2.3)
where α is the GB coefficient. From the action, we obtain the equations of motion for the metric
Rµν − 1
2
gµνRg + αHµν = 0, (2.4)
where
Hµν = −1
2
gµνLGB + 2(RgRµν − 2RµγRγν + 2RγδRγµνδ +RµγδλR γδλν ). (2.5)
We make the following metric ansatz for the slowly rotating black holes in the ingoing Eddington-
Finkelsteins coordinates
ds2 = −Adv2 + 2(uvdv + uadXa)dr + r2GabdXadXb − 2CadvdXa + r2H2dΩ2n. (2.6)
Here Xa denote the two coordinates (z,Φ) in which Φ can be specified to be the rotational direction.
By gauge choice we may set uadX
adr = 0. We consider the case that all components of the metric
are functions of (v, r,Xa).
It has been known that up to the linear order of the rotation parameter a the higher dimensional
slowly rotating black holes in the EGB theory are easy to construct, since in this case a only appears
in the component gvΦ which can be treated as a perturbation [48]. Now we are considering the
slowly rotating black holes in the EGB theory with a small a = O(1/√n), the form of the metric
should be the same as that in the Einstein gravity [33]. Note that in the above metric ansatz
the information of the horizon shape is undetermined, so that we can discuss various stationary
solutions including the black ring, black hole and the (boosted) black string from the same ansatz.
In order to do the 1/n expansion properly we need to specify the large D behaviors of the metric
functions. According to the previous analysis, the EGB black rings are among the slowly rotating
black holes. We assume that the horizon velocity is of O(1/√n), so we have
CΦ = O(1/
√
n). (2.7)
Define
φ ≡ √nΦ, (2.8)
5
in terms of which
gvφ = O(1/n). (2.9)
Then the metric ansatz can be written as
ds2 = −Adv2 + 2uvdvdr + r2Gabdxadxb − 2Cadvdxa + r2H2dΩ2n, (2.10)
where xa = (z, φ). At large D the radial gradient becomes dominant, i.e. ∂r = O(n), ∂v = O(1),
∂a = O(1), so in the near horizon region of the black hole it is better to use a new radial coordinate
R defined by
R =
( r
r0
)n
, (2.11)
such that ∂R = O(1), where r0 is a horizon length scale which can be set to unity r0 = 1. The large
D scalings of the metric functions are respectively
A = O(1), uv = O(1), Ca = O(n−1), Gzz = 1 +O(n−1), (2.12)
Gzφ = O(n−2), Gφφ = G(z)
2
n
(
1 +
G
(0)
φφ
n
+O(n−2)
)
, H = H(z). (2.13)
At the asymptotic infinity ( R→∞) both ∂v and ∂φ are expected to be the Killing vectors, which
implies that the metric functions at the asymptotic infinity are independent of v and φ. Thus the
function H and the leading order of Gφφ depend only on z. Other metric components are still the
functions of (v,R, xa).
On the other hand, to solve the EGB equations we need to specify the boundary conditions at
large R. They are given by [15]
A = 1 +O(R−1), Ca = (R−1), Gzφ = (R−1). (2.14)
Besides, the solutions have to be regular at the horizon as well.
In the following as in the case of the EGB black string [47] we use α˜ instead of α in doing the
1/n expansion, with
α˜ = αn(n+ 1). (2.15)
In some of the literatures, it was exactly α˜ that is called the GB coefficient. In this work we focus
on the case α˜ = O(1) and the value of α˜ is not restricted to be positive, despite the fact that it is
positive definite in the heterotic string theory [39].
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2.2 Effective equations
At the leading order of the 1/n expansion, the EGB equations (2.4) only contain R-derivatives
so they can be solved by performing R-integrations. The leading order solutions are easily obtained
as
A = 1 +
u2v
2α˜
(
1− Σ
)
, uv =
H(z)√
1−H ′(z)2 , (2.16)
Ca =
1
n
u2vpa
2α˜pv
(
− 1 + Σ
)
, Gzz = 1 +O(n−2), (2.17)
Gzφ =
1
n2
[
u2vpzpφ
2α˜p2v
(
Σ− 1
)
+
(
ln
1 + Σ
2
+
pi
4
− arctan Σ− u
2
v
2(u2v + 2α˜)
ln
1 + Σ2
2
)
×
u3v(G(pz∂φpv + pφ∂zpv) + pv(2pφG
′ −G(∂φpz + ∂zpφ)))
Gp2v(α˜+ u
2
v)
]
, (2.18)
G
(0)
φφ = −
(
2 +
2u2vG
′H ′
GH
)
lnR+
u2vp
2
φ
2α˜G2p2v
(
Σ− 1
)
−
(
ln
1 + Σ
2
+
pi
4
− arctan Σ− u
2
v
2(u2v + 2α˜)
ln
1 + Σ2
2
)
×
2u2v(G
2Hp2v + u
2
vGp
2
vG
′H ′ + uvH(pv∂φpφ − pφ∂φpv))
HG2p2v(α˜+ u
2
v)
, (2.19)
where
Σ =
√
1 +
4α˜pv
Ru2v
. (2.20)
In the above expressions, pv(v, z) and pa(v, z) are the integration functions of R-integrations of the
EGB equations. Physically they can be viewed as the mass and the momentum density of the
solution. The horizon of this dynamical black hole solution is at
RH =
u2v
u2v + α˜
pv(v, x
a). (2.21)
Note that the functions G(z) and H(z) are undetermined. As we will see in the following they
actually encode the information on the topology of the event horizon and can be determined by
embedding the leading order solution into a specific background. Different embeddings determine
different forms of the functions G(z) and H(z), and thus different black objects, the black ring, the
black hole or the black string.
By performing the “D − 1 + 1” decomposition on a r = constant surface, the momentum
constraint tells us that the function H(z) should satisfy the following relation
1−H ′(z)2 +H(z)H ′′(z) = 0. (2.22)
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In this case uv can be treated as a constant, so we have√
1−H ′(z)2
H(z)
= 2κˆ, (2.23)
where κˆ is a constant and is related to the surface gravity of the horizon. Solving the next-to-leading
order EGB equations in the 1/n expansion we obtain three equations for pv(v, x
a) and pa(v, x
a).
These equations are called the effective equations for the slowly rotating EGB black holes. These
equations are
∂vpv +
H ′
H
pz − H
′
2κˆH
∂zpv −
∂2φpv
2κˆG2
+
∂φpv
G2
= 0, (2.24)
∂vpz − 1 + 8α˜κˆ
2 + 32α˜2κˆ4
2κˆ(1 + 4α˜κˆ2)(1 + 8α˜κˆ2)G2
∂2φpz
+
2α˜κˆ
(1 + 4α˜κˆ2)(1 + 8α˜κˆ2)G2
(
− ∂φ
(pz∂φpv
pv
)
+ ∂z∂φpφ − ∂φ
(pφ∂zpv
pv
))
− (1 + 4α˜κˆ
2 + 32α˜2κˆ4)H ′
2κˆ(1 + 4α˜κˆ2)(1 + 8α˜κˆ2)H
∂zpz +
pφ
G2pv
∂φpz +
( pz
G2pv
+
(1 + 4α˜κˆ2 + 32α˜2κˆ4)G′
κˆ(1 + 4α˜κˆ2)(1 + 8α˜κˆ2)G3
)
∂φpφ
+
(
1− 4α˜κˆpzH
′
(1 + 4α˜κˆ2)(1 + 8α˜κˆ2)Hpv
)
∂zpv − pφ((1 + 12α˜κˆ
2 + 32α˜2κˆ4)Gpz − 4α˜κˆmG′)
(1 + 4α˜κˆ2)(1 + 8α˜κˆ2)G3p2v
∂φpv
+
H ′
Hpv
p2z −
G′
G3pv
p2φ +
1 + 4α˜κˆ2 + 32α˜2κˆ4 − 8(κ2 + 8α˜κˆ2 + 32α˜2κˆ6)H2
2κˆ(1 + 4α˜κˆ2)(1 + 8α˜κˆ2)H2
pz
+
(1 + 4α˜κˆ2 + 32α˜2κˆ4)pv(HG
′2H ′ +G(G′ −HH ′G′′))
4κˆ2(1 + 4α˜κˆ2)(1 + 8α˜κˆ2)G2H2
= 0, (2.25)
∂vpφ − 1 + 4α˜κˆ
2 + 32α˜2κˆ4
2κˆ(1 + 4α˜κˆ2)(1 + 8α˜κˆ2)G2
∂2φpφ −
4α˜κˆpφ
(1 + 4α˜κˆ2)(1 + 8α˜κˆ2)G2pv
∂2φpv
+
4α˜κˆpφ
(1 + 4α˜κˆ2)(1 + 8α˜κˆ2)G2p2v
(∂φpv)
2 − 4α˜κˆ
(1 + 4α˜κˆ2)(1 + 8α˜κˆ2)G2pv
∂φpφ∂φpv
+
2α˜κˆH ′
(1 + 12α˜κˆ2 + 32α˜2κˆ4)H
∂φpz − (1 + 8α˜κˆ
2 + 32α˜2κˆ4)H ′
2κ(1 + 4α˜κˆ2)(1 + 8α˜κˆ2)H
∂zpφ +
2pφ
G2pv
∂φpφ
−
( p2φ
G2p2v
+
(1 + 8α˜κˆ2 + 32α˜2κˆ4)Gp2vG
′H ′ + 2κˆ2G2pv((1 + 4α˜κˆ2 + 32α˜2κˆ2)Hpv + 2α˜κˆpzH ′)
2κˆ2(1 + 4α˜κˆ2)(1 + 8α˜κˆ2)G2Hp2v
)
∂φpv
− 2α˜κˆpφH
′
(1 + 4α˜κˆ2)(1 + 8α˜κˆ2)Hpv
∂zpv +
(H ′pz
Hpv
+
(1 + 8α˜κˆ2 + 32α˜2κˆ4)G′H ′
κˆ(1 + 4α˜κˆ2)(1 + 8α˜κˆ2)GH
)
pφ = 0. (2.26)
From these equations we can obtain the stationary solutions and study the non-linear dynamics of
the dynamical black holes. These equations depend on the forms of the functions G(z) and H(z).
In order to solve these equations, we have to find the appropriate embeddings and determine the
forms of G(z) and H(z).
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2.3 Stationary solutions
To obtain the stationary solutions we need to assume the existence of two Killing vectors Kv = ∂v
and Kφ = ∂φ, then we have
pv = pv(z), pa = pa(z). (2.27)
From (2.24) we get
pz(z) =
p′v(z)
2κˆ
. (2.28)
Plugging this into (2.26) we obtain
pφ(z) = ΩˆHG(z)
2pv(z). (2.29)
Here ΩˆH is introduced as an integration constant independent of z. By setting pv(z) = e
P (z) and
substituting the solutions (2.28) and (2.29) into (2.25), we obtain an equation for P (z),
P ′′(z)− H
′
H
P ′(z)
−
[
G′2
G2
+
G′
GHH ′
− G
′′
G
− Ωˆ2H
GG′(1−H ′2)
HH ′
H4 + α˜H2(1−H ′2) + 3α˜2(1−H ′2)2
H4 + α˜H2(1−H ′2) + 2α˜2(1−H ′2)2
]
= 0.
(2.30)
To solve this equation we need to specify the functions G(z) and H(z), which can be implemented
by embedding the solutions into a specific background.
The physical meaning of ΩˆH will become manifest from the metric. The (v,Φ) part of the
leading order metric of the above stationary solutions is written as
ds2(v,Φ) = −Adv2 +G(z)2
(
dΦ− ΩˆH√
n
(1−A)dv
)2
, (2.31)
where we have used the relation Cφ =
1
n
pφ
pv
(1 − A), with A given by (2.16). It is easy to see that
the horizon angular velocity is related to ΩˆH by
ΩH =
ΩˆH√
n
. (2.32)
Then we see that the event horizon R = RH is the Killing horizon of a Killing vector
ξ = ∂v + ΩˆH∂φ. (2.33)
Due to the existence of the Killing vector ξ, the associated surface gravity is given by
κ = −∂r(ξµξ
µ)
2ξr
∣∣∣∣∣
R=RH
=
n(1 + 4α˜κˆ2)κˆ
1 + 8α˜κˆ2
. (2.34)
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As we mentioned before, κˆ is a constant and so is the surface gravity κ. This is expected for the
stationary solutions.
From the above general stationary solutions we can read the corresponding thermodynamic
quantities by using the Komar integral and the Wald formula [49]. At first let us write down the
leading order metric
ds2 = −
(
1 +
1− Σ
8α˜κˆ2
)
dv2 +
dvdr
κˆ
+ r2G(z)2dΦ2 + r2dz2
+ΩHG(z)
2 1− Σ
4α˜κˆ2
dvdΦ + r2H2dΩ2n, (2.35)
where the O(1/n) terms are omitted. The mass and the angular momentum are given respectively
by
M = nκˆΩn
4GD
∫
dz G(z)H(z)npv(z), (2.36)
J = nκˆΩn
4GD
∫
dzΩHG(z)
3H(z)npv(z). (2.37)
From (2.34) one finds the temperature is
TH =
κ
2pi
=
n
2pi
(1 + 4α˜κˆ2)κˆ
1 + 8α˜κˆ2
. (2.38)
The entropy of a black object in the EGB theory can be written as an integral over the event
horizon via the Wald formula
S =
1
4GD
∫
Σh
dn+2x
√
h (1 + 2αR˜), (2.39)
where h is the determinant of the induced metric on the event horizon and R˜ is the event horizon
curvature. For the stationary solutions
√
h =
pv(z)
1 + 4α˜κˆ2
G(z)H(z)n, R˜ = 1 + 8α˜κˆ2, (2.40)
thus
S =
Ωnpi(1 + 8α˜κˆ
2)
2GD(1 + 4α˜κˆ2)
∫
dz G(z)H(z)npv(z). (2.41)
From the above results we see that the thermodynamic quantities of the slowly rotating black holes
in the EGB gravity satisfy the Smarr formula at the leading order of the 1/n expansion,
M = THS + ΩHJ . (2.42)
Note that since the horizon angular velocity ΩH is of O(1/
√
n), ΩHJ is of O(1). Comparing with
other terms in the Smarr formula, we find that ΩHJ does not contribute to the Smarr formula at
the leading order of the 1/n expansion.
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3 EGB black ring
In this section we study the EGB black ring at large D. By embedding the leading order metric
into the flat background in the ring coordinates, we determine the functions G(z) and H(z) and
then analytically obtain the EGB black ring solution.
3.1 EGB black ring solution
The D = n+ 4 dimensional flat metric in the ring coordinates is of the form
ds2 = −dt2 + R
2
(R+ r cos θ)2
[
R2dr2
R2 − r2 + (R
2 − r2)dΦ2 + r2(dθ2 + sin2 θdΩ2n)
]
, (3.1)
where R is the ring radius, 0 ≤ r ≤ R, 0 ≤ θ ≤ pi and 0 ≤ Φ ≤ 2pi. r = 0 is the origin of the ring
coordinate. Obviously, the topology of a r = constant surface is S1 × Sn+1. On the other hand, in
the far region of the black hole where R 1, the leading order metric we obtained before behaves
like
ds2 ' −dv2 + 2H√
1−H ′2dvdr + r
2dz2 + r2G2dΦ2 + r2H2dΩ2n. (3.2)
On a r = constant surface the induced metric in the far region and the metric from the near horizon
region solution in the large D limit should match. Considering the surface r = r0 = 1, which is in
the far region since R 1 still corresponds to r = r0 +O(1/n), and comparing (3.1) with (3.2), we
obtain the following identifications
H =
R sin θ
R+ cos θ
, G =
R
√
R2 − 1
R+ cosθ
,
dθ
dz
=
R+ cosθ
R
. (3.3)
Hence G(z) and H(z) are determined. From (2.23) it is easy to find that
κˆ =
√
R2 − 1
2R
. (3.4)
For the EGB black ring solution the associated surface gravity is still given by (2.34). By these
identifications we can obtain the leading order EGB black ring solution as long as we solve the
effective equations. Note that since R ≥ r, we find R ≥ 1. The case that R  1 corresponds to
the thin black ring, while the case that R ' 1 corresponds to the fat black ring.
To solve the effective equations it is convenient to introduce the variable
y = cos θ. (3.5)
For the stationary solution with ∂v and ∂φ being the Killing vectors, we have
pv = e
P (y), pz = pz(y), pφ = pφ(y). (3.6)
11
From (2.28) we find
pz(y) = −(R+ y)
√
1− y2√
R2 − 1 p
′
v(y). (3.7)
Then from (2.29) we obtain
pφ(y) = ΩˆH
R2(R2 − 1)
(R+ y)2
pv(y). (3.8)
Furthermore from (2.30) we get the equation for P (y)
P ′′(y) +
2
R+ y
P ′(y)− R
(R+ y)(1 +Ry)
+ Ωˆ2H
R2(R2 − 1)2
(R+ y)4(1 +Ry)
(R2 + 2α˜(R2 − 1))(R2 + α˜(R2 − 1))
R4 + α˜R2(R2 − 1) + 2α˜2(R2 − 1)2 = 0. (3.9)
The above equation contains a pole at y = −1/R, which leads to a logarithmic divergence at
y = −1/R for the solution P (y). In order to have a regular solution we need ΩˆH to be
ΩˆH =
√
R2 − 1
R2
√
R4 + α˜R2(R2 − 1) + 2α˜2(R2 − 1)2
(R2 + 2α˜(R2 − 1))(R2 + α˜(R2 − 1)) . (3.10)
This is similar to the black rings in five [3] or higher dimensions [5]: the horizon angular velocity is
determined by the regularity condition or the dynamical balance condition. In the above discussion,
we allow the GB coefficient α˜ to take arbitrary value. However, in order to have a regular solution,
from (3.10) we need
R2 + 2α˜(R2 − 1) > 0. (3.11)
As R2 ≥ 1, we get the constraint on α˜ in order to have a regular black ring solution:
α˜ > −1
2
. (3.12)
From (2.34) and (3.4) we can see that this is consistent with the requirement that the surface
gravity is physical. In fact, from the study on the static EGB string [47] and the static EGB black
holes [46], we found that the surface gravities for these black objects always satisfied
κ =
C
1 + 2α˜
, (3.13)
where C is a positive constant. In order to have a physical surface gravity, we need (3.12). Thus, a
remarkable result from our study is that the black objects in the EGB theory only exist when the
GB coefficient α˜ obeys the constraint (3.12).
From the expression (3.10) we can easily find that the horizon angular velocity is bounded from
below and has a minimum at α˜ = R
2√
2(R2−1) , as shown in Fig. 1. The effect of the GB term on the
horizon angular velocity of the black ring is clear: when −1/2 < α˜ < R2√
2(R2−1) , ΩˆH decreases with
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Figure 1: Dependence of the reduced horizon angular velocity ΩˆH of the EGB black ring on the
GB coefficient α˜ with R = 3.
α˜; in contrast, as α˜ > R
2√
2(R2−1) , ΩˆH increases with α˜. From (3.10) we can see that in the limit
α˜→∞, we have
ΩˆH =
√
R2 − 1
R2
, (3.14)
identical to the result of the case α˜ = 0 [25]. Under the above condition (3.10) the solution to the
equation (3.9) is given by
P (y) = P0 +
P1
R+ y
+
(1 +Ry)(1 +Ry + 2R(R+ y) ln(R+ y))
2R2(R+ y)2
, (3.15)
where P0 and P1 are two integration constants. P0 is the redefinition of r0 and P1 comes from
the redefinition of the φ coordinate [25]. The solution (3.15) is exactly the same as the one in the
Einstein gravity. Actually, the functional forms of pz(y) and pφ(y) take the similar form to the
ones in the Einstein gravity, with the dependence on the GB term appearing only in the angular
velocity ΩˆH in (3.10).
Summarizing the above results, we obtain the metric of the EGB black ring solution at the
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leading order of the 1/n expansion
ds2 = −
(
1 +
1− Σ(y)
8α˜κˆ2
)
dv2 +
dvdr
κˆ
+
(R+ y)
√
1− y2 p′v(y)√
R2 − 1 pv(y)
1− Σ(y)
4α˜κˆ2
dvdz
n
+
ΩˆHR
2(R2 − 1)
(R+ y)2
1− Σ(y)
4α˜κˆ2
dvdφ
n
+
R2(R2 − 1)
(R+ y)2
[
1 +
1
n
(
− 2(1 +Ry)
R2 − 1 lnR+ Ωˆ
2
H
R2(R2 − 1)
(R+ y)2
Σ(y)− 1
8α˜κˆ2
−
(
1 + 1+Ry
4κˆ2R2
)(
2 ln 1+Σ(y)2 +
pi
2 − 2 arctan Σ(y)−
ln
1+Σ(y)2
2
(1+8α˜κˆ2)
)
1 + 4α˜κˆ2
)]
dφ2
n
(3.16)
+2r2
ΩˆH
√
1− y2√R2 − 1R2p′v(y)
(R+ y)pv
Σ(y)− 1
8α˜κˆ2
dzdφ
n2
+ r2dz2 +
r2R2(1− y2)
(R+ y)2
dΩ2n,
where Σ(y) is defined in (2.20) and now becomes
Σ(y) =
√
1 +
16α˜κˆ2pv(y)
R
. (3.17)
Similar to the black ring in the Einstein gravity [25], the solution we obtained above breaks down
at R = 1, which means that the large D expansion method cannot capture the behavior of very fat
black ring. But both the thin black ring (R 1) and not-thin black ring (R > 1) can be described
well by the solution.
3.2 Phase diagram
With the EGB black ring solution in hand, we can draw the phase diagram of the solution. The
thermodynamic quantities for the stationary solutions have been obtained in last section. From
(3.3) it is easy to obtain the thermodynamic quantities of the EGB black ring. From (2.36) and
(2.37), the mass and the angular momentum are given by
M = nΩn
8GD
Mˆ, J =
√
nΩn
8GD
Jˆ , (3.18)
where
Mˆ =
∫
dy
R(R2 − 1)eP (y)
(R+ y)2
√
1− y2
(
R
√
1− y2
R+ y
)n
, (3.19)
and
Jˆ = ΩˆH
∫
dy
R3(R2 − 1)2eP (y)
(R+ y)4
√
1− y2
(
R
√
1− y2
R+ y
)n
. (3.20)
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Figure 2: The (j, s) phase diagrams of the large D EGB black ring solution for n = 30 (D = 34).
The ring radius R runs from 1.1 to 20, so both the not-thin region and thin region (R  1) are
covered.
From (2.41), the entropy of the EGB black ring is given by
S =
Ωnpi
2GD
Sˆ, (3.21)
where
Sˆ =
∫
dy
(R2 + 2α˜(R2 − 1))
(R2 + α˜(R2 − 1))
R2
√
R2 − 1eP (y)
(R+ y)2
√
1− y2
(
R
√
1− y2
R+ y
)n
. (3.22)
From (2.38) and (3.4), the temperature of the EGB black ring is given by
TH =
n
4pi
√
R2 − 1
R
(R2 + α˜(R2 − 1)
(R2 + 2α˜(R2 − 1)) . (3.23)
The horizon angular velocity is given by
ΩH =
ΩˆH√
n
=
1√
n
√
R2 − 1
R2
√
R4 + α˜R2(R2 − 1) + 2α˜2(R2 − 1)2
(R2 + 2α˜(R2 − 1))(R2 + α˜(R2 − 1)) . (3.24)
Following [5] we define the following dimensionless quantities: the spin j, the entropy s, the
angular velocity ωH and the temperature tH , by taking the mass as a basic scale
jn+1 = cj
J n+1
GDMn+2 , s
n+1 = cs
(4GDS)
n+1
(GDM)n+2 , (3.25)
ωH = cωΩH(GDM)
1
n+1 , tH = ct(GDM)
1
n+1TH , (3.26)
where the numerical constants are respectively
cj =
Ωn+1
2n+5
(n+ 2)n+2
(n+ 1)(n+1)/2
, cs =
Ωn+1
2(16pi)n+1
n(n+1)/2(n+ 2)n+2
(n+ 1)(n+1)/2
, (3.27)
and
cω =
√
n+ 1
(n+ 2
16
Ωn+1
)− 1
n+1
, ct = 4pi
√
n+ 1
n
(n+ 2
2
Ωn+1
)− 1
n+1
. (3.28)
15
α˜=-1/4α˜=0α˜=1α˜=5
2 4 6 8 10 12 14
j
10
20
30
40
50
tH α˜=-1/4α˜=0α˜=1α˜=5
2 4 6 8 10 12 14
j
0.2
0.4
0.6
0.8
1.0
ωH
Figure 3: The (j, tH) (left panel) and (j, ωH) (right panel) phase diagrams of the large D EGB
black ring solution. As with Fig. 2, n = 30 and R runs from 1.1 to 20.
Then we can easily evaluate j, s, tH and ωH numerically for the large D EGB black ring solution
by using (3.19), (3.20), (3.22), (3.23) and (3.24) with P (y) given in (3.15). For simplicity we set
P0 = P1 = 0.
In Fig. 2 we show the phase diagrams of (j, s) for the large D EGB black ring solution with
different GB coefficient α˜, where n = 30 and R runs from 1.1 to 20. We can see easily that in
the presence of the GB term, the phase diagrams are quite different from the ones of the Einstein
gravity. From (3.22) we know that the entropy of the black ring solution always increases with the
GB coefficient. Besides, we find that at small values of j (which correspond to small R), s increases
with R if α˜ > 0, in contrast s decreases with R if −1/2 < α˜ < 0.
We show the phase diagrams of (j, tH) in the left panel of Fig. 3 for the large D EGB black
ring solution. From (3.23) we see that the temperature always decreases with the GB coefficient.
The salient difference appearing at small R is due to the fact that tH decreases with R if α˜ > 0 but
increases with R if −1/2 < α˜ < 0. The right panel of Fig. 3 is the phase diagrams of (j, ωH). On
the one hand the horizon angular velocity (3.24) of the EGB black ring is always lower than that
of the Einstein black ring solution if α˜ > 0 but higher if −1/2 < α˜ < 0. On the other hand, as we
mentioned before when α˜ > R
2√
2(R2−1) , the horizon angular velocity increases with α˜.
4 Quasinormal modes and non-linear evolution of EGB black ring
4.1 Quasinormal modes
We would like to study the quasinormal modes (QNMs) of the EGB black ring solution we
obtained before. The QNMs are obtained by the perturbation analysis of the effective equations
16
around the stationary black ring solution. We consider the following perturbation ansatz
pv(v, y, φ) = e
P (y)
(
1 + e−iωveimφFv(y)
)
, (4.1)
pz(v, y, φ) = −(R+ y)
√
1− y2√
R2 − 1 e
P (y)P ′(y)
(
1 + e−iωveimφFz(y)
)
, (4.2)
pφ(v, y, φ) =
√
R4 + α˜R2(R2 − 1) + 2α˜2(R2 − 1)2
(R2 + 2α˜(R2 − 1))(R2 + α˜(R2 − 1))
(R2 − 1)3/2
(R+ y)2
eP (y)
(
1 + e−iωveimφFφ(y)
)
.
(4.3)
As in [25], in this paper we consider the case m = O(1), as we can see in the following the only
instability in this case is the GL-like instability. There is another choice for m, i.e. m = O(1/√n),
from (2.8) this amounts to mΦ = O(1). A new elastic-type instability occurs in this case, as first
found by the numerical study in [13], and then by the large D study in [30]. To investigate the
elastic instability, the O(1/n2) corrections to the effective equations are needed, which is more
complicated for the EGB theory, so in this paper we only consider the GL-like instability.
Since we consider the case m = O(1), the above ansatz for the perturbations around the sta-
tionary solutions is appropriate. Substituting the above perturbations into the effective equations,
and taking into account that at the pole y = −1/R, Fv(y) behaves like
Fv(y) ∝ (1 +Ry)`, (4.4)
such that the perturbation fields may have regular solutions.
Due to the special form of the metric ansatz, the vector-type perturbation can be studied only
for the slowly rotating EGB black hole, as we will see in the next section. For the EGB black ring
and the slowly boosted EGB black string, the momentum density other than pz is needed to study
the vector-type perturbation. Here we only consider the most interesting scalar-type gravitational
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Figure 4: The frequencies ω
(`=0)
+ (solid line) and ω
(`=0)
− (dashed line) of the scalar-type quasinormal
modes of the EGB black ring with ` = 0, m = 2 and α˜ = 2 . The real part and the imaginary
part are depicted in the left and right panel respectively, both of which are in unit of the reduced
surface gravity κˆ. Im[ω
(`=0)
+ ] is positive for R > 2 which signals the GL-like instability.
perturbation. The QNM condition for the scalar-type gravitational perturbation is given by
ω3 +
i ω2
√
R2 − 1
2R3
(
3m2(ζ2 + 1) + 6imRζ +R2(ζ2 + 1)(3`− 2)
)
−ω (R
2 − 1)
2R6
(
m4(ζ4 + 4ζ2 + 1) + 6im3Rζ(ζ2 + 1) + 2m2R2(ζ4 + 4ζ2 + 1)`
+2imR3ζ(ζ2 + 1)(3`− 2) +R4(ζ4 + 4ζ2 + 1)(`− 1)`− 2m2R2(ζ4 + 6ζ2 + 1)
)
− iζ(R
2 − 1)3/2
2R9
[
m6ζ(1 + ζ2) + im5R(ζ4 + 4ζ2 + 1) + 3m4R2ζ(ζ2 + 1)(`− 2)
+2im3R3(ζ4 + 4ζ2 + 1)(`− 1) +R4m2ζ(ζ2 + 1)(3`2 − 7`+ 4)
+imR5(ζ4 + 4ζ2 + 1)(`− 1)`+R6ζ(ζ2 + 1)(`− 1)`2
]
= 0, (4.5)
where we have used ζ to denote
ζ =
√
2α˜2 −R2α˜(1 + 4α˜) +R4(1 + α˜+ 2α˜2)
2α˜2 −R2α˜(3 + 4α˜) +R4(1 + 3α˜+ 2α˜2) . (4.6)
In the limit α˜→ 0, i.e. ζ → 1, the above equation is reduced to the QNM condition for the black
ring in the Einstein gravity [25]. Qualitatively, the QNMs are quite similar to the ones of the black
ring in the Einstein gravity. For ` 6= 0 and m 6= 0, all modes are stable. For ` = 0 and m 6= 0, the
QNM condition can be solved by
ω
(`=0)
0 =
√
R2 − 1
2R
[
2mˆζ + 2i(1 + ζ2)− imˆ2(1 + ζ2)
]
, (4.7)
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and
ω
(`=0)
± =
mˆ
√
R2 − 1
2R
[
2ζ − imˆ(1 + ζ2)± i
√
4ζ2 + mˆ2(1− ζ2)2
]
, (4.8)
where mˆ = m/R. Similar to the case of the large D black ring in the Einstein gravity, we have
three QNMs. The mode with frequency ω
(`=0)
0 should be a gauge mode, as in the large radius limit
R  1, the counterpart of the boosted EGB black string is a gauge mode. In contrast, as we will
see below, the other two modes ω
(`=0)
± can be understood as the QNMs of the boosted EGB black
string in the same limit. A typical result of the real and imaginary part of the frequencies ω
(`=0)
± is
plotted in Fig. 4, with m = 2 and α˜ = 2. It is easy to see that when R > m, ω
(`=0)
+ has a positive
imaginary part, indicating the GL-like instability. It is interesting to note that the critical radius at
which Im[ω
(`=0)
+ ] vanishes is independent of the GB coefficient. This is reminiscent of the property
of the EGB black string that the wavenumber of the threshold mode of the GL instability is also
independent of the GB coefficient [47].
From (4.8) we find that the dependence of the instability on the GB coefficient is the same as that
of the horizon angular velocity of the black ring, as shown in Fig. 5. When −1/2 < α˜ < R2√
2(R2−1) ,
the increase of α˜ alleviates the instability. In contrast, as α˜ > R
2√
2(R2−1) the increase of α˜ enhances
the instability. A similar phenomena has been found for the EGB black string [47], as we will show
below they are equivalent in the large radius limit.
It is known that for the black rings in the Einstein gravity [25] and the Einstein-Maxwell theory
[33], the real part of ω
(`=0)
+ always saturates the superradiant condition, i.e.
Re
[
ω
(`=0)
+
]
= mΩˆH . (4.9)
For the black ring in EGB theory the same thing occurs with ΩˆH given by (3.10). Thus at the
leading order of the large D expansion, the coincidence of the onsets of the dynamical instability
and the superradiant condition seems to be a robust feature for both the Einstein gravity and the
EGB theory. By considering the 1/n correction, the above relation is broken [25], and we expect
this happens for the EGB black ring as well.
For the axisymmetric modes m = 0, the QNM condition is solved by
ω
(m=0)
0 = −i
√
R2 − 1
2R
`(1 + ζ2), (4.10)
and
ω
(m=0)
± =
√
R2 − 1
2R
[
− i (`− 1)(1 + ζ2)±
√
(1− `)
(
`(ζ2 − 1)2 − (ζ2 + 1)2
)]
. (4.11)
As discussed in [33, 50], the mode ω
(m=0)
0 should correspond to the vector-type gravitational per-
turbations of the EGB black hole in the large radius limit. It was found that for the black rings in
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Figure 5: Dependence of Im[ω`=0+ /κˆ] of the EGB black ring on the GB coefficient α˜ with R = 3.
the Einstein gravity [25] and the Einstein-Maxwell theory [33], the frequencies for the axisymmetric
QNMs are the same as the ones of the large D Schwarzschild and Reissner-Nordstrom black holes
up to a multiplicative factor characterizing the finiteness of the ring. However, it is easy to see
that for the EGB black ring this does not hold any more. This is because unlike the case in the
Einstein gravity, although for the m = 0 modes the perturbations do not have interaction along φ
direction, from (4.1), (4.2) and (4.3) we can see that the situation is still different from the one of
the D − 1 dimensional EGB black hole. However, as we will see in the next section, for the slowly
boosted EGB black string the QNMs of the axisymmetric perturbations are the same as the ones
of the EGB black hole [46].
Like the case without the GB term, the axisymmetric perturbations do not show any instability
at the leading order of the 1/n expansion. However, it has been found that for a fat black ring in
five dimensions the axisymmetric perturbations are unstable [8, 11–13]. The reason why the large
D expansion can not capture this feature is not clear at present.
4.2 Black String limit
It is well known that for the Einstein gravity when the ring radius R 1, that is the black ring
is very thin, the black ring is identical to a critically boosted black string [5], in which the boost
velocity is fixed. In the following we show this occurs for the EGB theory as well. In the large ring
radius limit, from (3.15) P (y) behaves like
P (y) = O(1/R), (4.12)
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by setting P0 = P1 = 0. The black ring solution (3.16) in the large radius limit becomes
ds2 = −
(
1 +
1− Σ(y)
2α˜
)
dv2 + 2dvdr +
√
1 + α˜+ 2α˜2
1 + 3α˜+ 2α˜2
1− Σ(y)
α˜
dvdx
n
+
[
1 +
1
n
(
1 + α˜+ 2α˜2
1 + 3α˜+ 2α˜2
Σ(y)− 1
2α˜
−
2 ln 1+Σ(y)2 +
pi
2 − 2 arctan Σ(y)−
ln
1+Σ(y)2
2
(1+2α˜)
1 + α˜
]
dx2
n
+r2dz2 + r2 sin2 zdΩ2n,
(4.13)
where the string direction dx is identified by dx = RdΦ = Rdφ/
√
n. Under such large radius limit,
the above expression is equivalent to the metric of the large D boosted EGB black string [47] with
the boost velocity β being
sinhβ =
1√
n
√
1 + α˜+ 2α˜2
1 + 3α˜+ 2α˜2
. (4.14)
It is easy to see that this boost velocity equals the horizon angular velocity ΩH (3.10) (note that
ΩH = ΩˆH/
√
n) in the large radius limit. Using the boost relation we can associate the large radius
limit of the QNMs of the EGB black ring with the ones of the EGB black string. The QNMs of
the EGB black string were obtained in [47] by using the large D effective theory. For the S-wave
sector (` = 0) of the gravitational perturbation, the QNMs are given by
ωst± = −ikˆ2
1 + 2α˜+ 2α˜2
(1 + α˜)(1 + 2α˜)
±
ikˆ
√
1 + 4α˜+ (7 + kˆ2)α˜2 + 8α˜3 + 4α˜4
(1 + α˜)(1 + 2α˜)
, (4.15)
where kˆ = k/
√
n is the quantum number with respect to φ. Performing the following boost
transformation
dv → coshαdv − sinhαdx, dx→ coshαdx− sinhαdv, (4.16)
with the boost velocity given by (4.14), we obtain the QNMs of the boosted EGB black string
ωbst± = k sinh α+ ω
st
± cosh α. (4.17)
The above result is identical to the QNMs of the EGB black ring (4.8) in the large radius limit if
we identify kˆ = mˆ. In the next section we will give a direct derivation of the QNMs of the slowly
boosted EGB black string from the effective equations and show that they are related to the ones
of [47] by a simple boost transformation.
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4.3 Non-linear evolution
As we discussed before, the thin EGB black ring at large D suffers from the GL-like instability
for the non-axisymmetric perturbations. It would be interesting to explore the fate of the instability
in the non-linear regime at late time. For the Einstein black string it was found [51] that above a
critical dimension D∗ ' 13.5 the weakly non-uniform black strings have larger horizon areas than
the uniform ones, which implies that the non-uniform black string could be the possible end point
of the non-linear evolution. Using the large D effective theory [24], the non-linear evolution of the
black string instability was demonstrated and it was shown that at late time the unstable black
strings in a large enough number of dimensions end at stable non-uniform black strings, which
supports the conjecture in [51]. Furthermore, like the case in the Einstein gravity, the thin EGB
black strings at large D are unstable to developing inhomogeneities along their length, and at late
time they asymptote to the stable non-uniform black strings [47].
As we mentioned in the introduction, numerical study in five dimensions [13] gives strong
evidence that the non-linear evolution of the GL-like instability does not stop at any stable con-
figuration but leads to the pinch-off of the ring. For the black ring in higher dimensions, due to
the similarity between the black ring and the black string, it was conjectured that the end point
of the black ring instability should be a large D non-uniform black ring [25].1 In this subsection
by numerically solving the effective equations for the EGB black ring near y = −1/R, we give a
relative strong evidence to support the conjecture in [25].
4.3.1 Einstein black ring
Firstly, we study the non-linear evolution of the black ring in the Einstein gravity by numerically
solving the effective equations. The effective equations for the black ring in the Einstein gravity
can be derived by combining the general effective equations (2.24), (2.25) and (2.26) with the
identifications (3.3) and taking α˜→ 0 . They are given by
∂vpv +
(R+ y)(Ry + 1)
R
√
R2 − 1 ∂ypv −
(R+ y)2
R (R2 − 1)3/2
∂2φpv +
(R+ y)2
R2 (R2 − 1)∂φpφ +
(Ry + 1)
R
√
1− y2 pz = 0, (4.18)
1Due to the existence of the gravitational wave emissions, the non-uniform black ring solution is not stationary in
a much longer timescale, thus the rigidity theorem [52] is not broken.
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∂vpz +
(R+ y)(Ry + 1)
R
√
R2 − 1 ∂ypz −
√
1− y2(R+ y)
R
∂ypv − (R+ y)
2
R (R2 − 1)3/2
∂2φpz +
(Ry + 1)
R
√
1− y2
p2z
pv
+
√
1− y2(R+ y)pv
R2 − 1 +
(
R2
(
1− 2y2)− 2Ry + y2 − 2) pz
R
√
R2 − 1 (y2 − 1) −
√
1− y2(R+ y)2p2φ
R3 (R2 − 1) pv (4.19)
+
(R+ y)2
R2 (R2 − 1)∂φ
[pzpφ
pv
]
+
2
√
1− y2(R+ y)2
R2 (R2 − 1)3/2
∂φpφ = 0,
∂vpφ +
(R+ y)(Ry + 1)
R
√
R2 − 1 ∂ypφ −
(R+ y)2
R (R2 − 1)3/2
∂2φpφ +
(R+ y)2
R2 (R2 − 1)∂φ
[p2φ
pv
]
−
(
R2 + 2Ry + 1
)
R2 − 1 ∂φpv +
(Ry + 1)
R
√
1− y2
pzpφ
pv
+
2(Ry + 1)
R
√
R2 − 1pφ = 0. (4.20)
By solving these equations numerically, we can study the non-linear evolution of the black ring. To
achieve this end we need to specify the boundary conditions in φ and y directions. It is obvious
that the solution should be periodic in φ direction. However, the boundary condition in y direction
is not clear. Since we expect to obtain the non-uniform black ring solution from these equations,
the solution is expected to be inhomogeneous along the φ direction no matter what y takes. Thus
we might be able to solve the effective equations without involving the boundary condition in y
direction if y takes a specific value. Indeed, near y = −1/R the equations (4.18) and (4.20) become
∂vpv −
√
R2 − 1
R3
∂2φpv +
R2 − 1
R4
∂φpφ = 0, (4.21)
∂vpφ −
√
R2 − 1
R3
∂2φpφ +
(R2 − 1)
R4
∂φ
[
p2φ
pv
]
− ∂φpv = 0. (4.22)
Clearly, pz is decoupled from these two equations. In this case although (4.19) is still complicated,
we can solve pv and pφ via the above two equations without the information of pz. In this way, the
inhomogeneity along φ direction is clearly embodied. In the large radius limit, taking into account
that ∂φ = R∂x and pφ = Rpx (x denotes the string direction), the above equations are exactly
the effective equations for the black string in the Einstein gravity [24]. But as we explained in the
previous subsection, in this case these equations actually describe slowly boosted black string, thus
the initial condition used to simulate these equations should be different. In particular, even for
the uniform black string px should not be zero due to the existence of the angular momentum. For
a finite R solving the above equations numerically should lead to non-trivial result.
From the perturbation analysis we know that the instability occurs when mˆ = m/R < 1, so if we
fix the value of m then the following behavior of the initial perturbation is completely determined
by the value of R. For φ direction, it is compactified, φ ∈ [−pi/m, pi/m], which in the large radius
limit is equivalent to x ∈ [−L/2, L/2], where L denotes the periodicity of the string direction.
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Figure 6: Dynamical evolution of a perturbed Einstein black ring near y = −1/R, with m = 2 and
m/R = 0.98.
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Figure 7: Dynamical evolution of a perturbed Einstein black ring near y = −1/R, with m = 2 and
m/R = 0.5.
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Figure 8: The subsequent behavior of the evolution of a perturbed Einstein black ring near y =
−1/R, with m = 2 and m/R = 0.5.
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For a given R and m, we introduce a small perturbation of the uniform black ring, pv(0, φ) =
1 + δpv, pφ(0, φ) =
R2√
R2−1(1 + δpv). We find that when R < m, the perturbation quickly dissipates
and the black ring becomes uniform along the φ direction, this is consistent with the perturbation
analysis in previous subsection that the linear modes are stable with R < m. On the contrary,
when R > m, the initial deformation grows fast, eventually the black ring settles down at a stable
configuration that approximates well the non-uniform black ring obtained as the stationary solution
of the equations (4.21) and (4.22). In Fig. 6 and Fig. 7 we show two typical results of the simulation.
Since at y = −1/R uniform black ring has pv = 1, thus by plotting pv(v, φ) the non-uniformity
can be clearly demonstrated. Fig. 6 shows the evolution of a not-too-thin black ring with m = 2
and R = 2.04. Since the growth rate is small the evolution costs much time to reach the final
stable state. Similar to the Einstein black string [24], we find the final profile of the evolution is
approximately cosinoidal. For a thinner black ring with m = 2 and R = 4, the evolution is faster
and the final profile is very approximately gaussian, also similar to the Einstein black string.
However, the distinction between the evolution of the black ring and that of the black string
is apparent. From Fig. 8 we can see that when the evolution is stable, the amplitude of the
large blob along φ direction stops growing, however, along φ direction the large blob is not static
but moves with time this is due to the existence of the angular momentum along that direction.
Correspondingly, for slowly boosted black string, due to the existence of the angular momentum
along the string direction we observe the similar phenomena.
4.3.2 EGB black ring
The effective equations for the EGB black ring are lengthy and will not be given explicitly. We
find that near y = −1/R, pz is decoupled from the other two of the effective equations as well, then
by numerically solving these two equations the non-linear evolution of the EGB black ring can be
demonstrated. Basically, the dynamical evolution of the unstable EGB black ring is very similar
to that of the Einstein black ring. That is, when R < m the initial perturbation quickly dissipates,
and when R > m the perturbation grows fast and the black ring settles down at the non-uniform
black ring at late time. Fig. 9 shows the evolution of a thin EGB black ring with m = 2, R = 4
and α˜ = 2.
According to the discussion of the EGB black string [47], we know that the GB term affects
the evolution rate of the black string which is consistent with the perturbation analysis. For the
EGB black ring, from previous discussion the GB term affects both the angular momentum and
the growth rate of the unstable mode, thus the presence of the GB term does not essentially change
the above results. We find that when α˜ is smaller than a critical value, the time that the solution
25
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 ϕ
0.5
1.0
1.5
pv
v=0
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
pv
v=21
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 ϕ
1
2
3
4
5
6
pv
v=53.5
Figure 9: Dynamical evolution of a perturbed EGB black ring near y = −1/R, with m = 2,
m/R = 0.5 and α˜ = 2.
needed to reach the stable state decreases with α˜, and when α˜ is larger than the critical value then
the time needed to reach the stable state increases with α˜, which is consistent with the perturbation
analysis. The critical value of α˜ is close to R
2√
2(R2−1) .
5 Other slowly rotating black objects in EGB theory
The large D effective equations (2.24), (2.25) and (2.26) derived in section 2 can actually
describe other slowly rotating black objects, including the black holes and the black strings. In this
section, we discuss these two cases briefly. The essential point in the construction is to determine
the functions G(z) and H(z) in different cases.
5.1 Slowly Rotating Black Holes
To discuss the slowly rotating black hole, we need to consider the metric ofD = n+4 dimensional
flat spacetime in spherical coordinates
ds2 = −dt2 + dr2 + r2(dz2 + sin2 z dΦ2 + cos2 z dΩ2n). (5.1)
As before, the embedding of the leading order metric is obtained by taking r = 1. Then we find
H(z) = cos z, G(z) = sin z. (5.2)
From (2.23) and (2.34) we obtain
κˆ =
1
2
, κ =
n
2
1 + α˜
1 + 2α˜
. (5.3)
As the surface gravity should be positive, we must have
α˜ > −1
2
. (5.4)
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Stationary solution Directly from (2.28) and (2.29) we obtain
pz(z) = p
′
v(z), pφ(z) = aˆ sin
2 z pv(z), (5.5)
where we have introduced aˆ = ΩˆH . Furthermore pv(z) = e
P (z) can be determined by (2.30). After
substituting (5.2) into (2.30) we have
P ′′(z) + tan zP ′(z)− (1 + α˜)(1 + 2α˜)aˆ
2 cos2 z
1 + α˜+ 2α˜2
= 0. (5.6)
The solution of this equation is
P (z) = p0 + d0 sin z − (1 + α˜)(1 + 2α˜)
2(1 + α˜+ 2α˜2)
aˆ2 cos2 z. (5.7)
Similar to the case in [25, 33], here the integration constants p0 and d0 describe trivial deformations
of the solution, so we set them to be zero. Thus we completely obtain the stationary solution of
the effective equations. The metric of the solution is of the following form
ds2 = −
(
1 +
1− Σ
2α˜
)
dv2 + 2dvdr + a sin2 z
1− Σ
α˜
dvdΦ
+
p′v(z)
n pv(z)
1− Σ
α˜
dvdz + r2 sin2 z
(
1− a2 sin2 z 1− Σ
2α˜
)
dΦ2
+
2r2
n
a p′v(z) sin
2 z
1− Σ
2α˜
dzdΦ + r2dz2 + r2 cos2 z dΩ2n, (5.8)
where we have used Σ defined in (2.20) to simplify this expression. This metric describes the
D = n + 4 dimensional slowly rotating black holes in the EGB gravity, with a = aˆ/
√
n. When
aˆ = 0, the solution is reduced to the spherically symmetric GB black hole [39, 40]. Despite the fact
that we do not have the exact form of rotating black holes in the EGB gravity, the slowly rotating
black holes with linear order of a appearing in the metric has been obtained [48]. It is easy to
see that at the leading order of the 1/n expansion and up to the linear order of a , the solution
we obtained above (5.8) simply reproduces the result of [48]. This strongly supports that we have
obtained the correct slowly rotating black hole solution in the EGB gravity with a = O(1/√n).
Quasinormal modes Now let us investigate the QNMs of the slowly rotating black hole in the
EGB gravity. We first consider the following perturbations around the aforementioned stationary
solution
pv(v, z, φ) = e
− (1+α˜)(1+2α˜)aˆ2 cos2 z
2(1+α˜+2α˜2)
(
1 + Fv(z)e
−iωveimφ
)
, (5.9)
pz(v, z, φ) =
(1 + α˜)(1 + 2α˜)aˆ2 sin z cos z
(1 + α˜+ 2α˜2)
(
1 + Fz(z)e
−iωveimφ
)
, (5.10)
pφ(v, z, φ) = aˆ sin
2 z e
− (1+α˜)(1+2α˜)aˆ2 cos2 z
2(1+α˜+2α˜2)
(
1 + Fφ(z)e
−iωveimφ
)
. (5.11)
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Figure 10: The vector-type QNMs of the slowly rotating black hole in EGB theory. The dotted line
is the result obtained by numerically solving the master equation. The solid line is the numerical
evaluation of (5.13).
Then plugging these perturbations into the effective equations, and taking in account that at z = 0,
Fv(z) ∝ z` [50], we can obtain the frequencies of the QNMs. For simplicity here we only consider
the case m = O(1/n), since other cases are more involved [25]. Thus we may introduce another
O(1) quantity by
m¯ = nm. (5.12)
Then the QNM frequencies are characterized by `, m¯ and aˆ.
Vector-type gravitational perturbation For the slowly rotating black hole, it is possible to
discuss the vector-type gravitational perturbation. We obtain the QNM frequency
ωv = −i` 1 + 2α˜+ 2α˜
2
(1 + α˜)(1 + 2α˜)
, (5.13)
which suggests that the perturbation is stable in EGB theory. Both in the small and the large α˜
limits, we obtain
ωv = −i`, (5.14)
which agrees exactly with the ones obtained by directly computing from the master equations of the
perturbations [45]. For a generic GB parameter α˜ = O(1), the vector-type QNM is only obtained
by numerically solving the mater equations. As shown in Fig. 10 we can see that the result matches
well with the numerical value of (5.13), .
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Scalar-type gravitational perturbation For the scalar-type gravitational perturbation, we
have
ω0 = −i(`− 2) 1 + 2α˜+ 2α˜
2
(1 + α˜)(1 + 2α˜)
, (5.15)
ω± =
−i(`− 1)(1 + 2α˜+ 2α˜2)±
√
(`− 1)
[
(1 + 2α˜+ 2α˜2)2 − `α˜2
]
(1 + α˜)(1 + 2α˜)
. (5.16)
Note that the modes with the frequency ωv and ω0 correspond to the vector-type gravitational
perturbations of the GB black hole with ` = `v − 1 and `v + 1 respectively, where `v is the angular
momentum of the vector harmonics on SD−2. The modes with ω± are just the QNMs of the GB
black hole [46]. Since we are considering a slowly rotating black hole with m = O(1/n), at the
leading order the dependence of the perturbation on φ disappears and the QNMs are captured by
the ones of the GB black hole with one lower dimensions. At the next order of the 1/n expansion,
like the case in the Einstein gravity [25] m¯ will appear in the QNMs.
5.2 Slowly boosted black string
To discuss the black string, we consider the metric of D = n + 4 dimensional spacetime with
one compact direction in the spherical coordinates
ds2 = −dt2 + dΦ2 + dr2 + r2(dz2 + sin2 z dΩ2n), (5.17)
where Φ is the coordinate of the compact direction. The embedding of r = 1 of the leading order
metric into the above background gives the following identifications
G(z) = 1, H(z) = sin z. (5.18)
Since the embedded solution has S1 × Sn+1 horizon topology, the effective equations describe the
non-linear dynamics of the slowly boosted black string solution in the EGB gravity. For stationary
solution we have
pv(z) = e
P (z), pφ = pφ(z), pz = pz(z). (5.19)
Stationary solution From (2.28) and (2.29) we have
pz(z) = m
′(z), pφ(z) = σˆm(z). (5.20)
Here σˆ is an integration constant describing the boost effect of the black string. Furthermore, the
equation for P (z) is given by (2.30) which now becomes
P ′′(z)− cot z P ′(z) = 0, (5.21)
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which can be solved easily and yields
pv(z) = e
p0+p1cos z. (5.22)
The integration constants p0 and p1 are trivial deformations of the solution so we may set them to
be zero. Then the leading order metric of the slowly boosted EGB black string is given by
ds2 = −
(
1 +
1− Σ
2α˜
)
dv2 + 2dvdr − σˆ√
n
Σ− 1
α˜
dvdΦ
+
[
1 +
1
n
(
σˆ2
Σ− 1
2α˜
−
2 ln 1+Σ2 +
pi
2 − 2 arctan Σ− 1(1+2α˜) ln 1+Σ
2
2
α˜+ 1
)]
dΦ2
+r2dz2 + r2 sin2 z dΩ2n. (5.23)
The metric is related to the uniform EGB black string constructed in [47] by a boost transformation
with the boost velocity
sinh γ =
σˆ√
n
. (5.24)
Comparing (5.23) with (4.13), we see that when the boost velocity of the slowly boosted black
string takes a specific value, i.e. γ = β with β being defined by (4.14), then the large radius limit
of the EGB black ring is reproduced.
Non-uniform black string Another stationary solution of the effective equations is the non-
uniform black string which is believed to be the end point of the evolution of the large D EGB
black string, as showed in [47]. The non-uniformity means that the solution is inhomogeneous along
the Φ direction. In this case, there is only one Killing vector ∂v. Moreover, we do not need the z
dependence anymore, so pz can be set to zero. Then we have
pv = pv(φ), pφ = pφ(φ). (5.25)
From the effective equations we find
pφ = p
′
v(φ), (5.26)
and
p′′′v −
2p′v p′′v
pv
+ p′v +
(1 + α˜)(1 + 2α˜)
1 + α˜+ 2α˜2
p′3v
p2v
= 0. (5.27)
This equation can be solved numerically, as discussed in [47].
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Quasinormal modes Let us now investigate the QNMs of the slowly boosted black string we
constructed above. We consider the perturbations around the stationary solution,
pv(v, z, φ) = 1 + Fv(z)e
−iωv+ikˆφ, (5.28)
pz(v, z, φ) = Fz(z)e
−iωv+ikˆφ, (5.29)
pφ(v, z, φ) = σˆ
(
1 + Fφ(z)e
−iωv+ikˆφ). (5.30)
As before, plugging these expressions into the effective equations and taking into account that at
cos z = 0, Fv(z) ∝ cos` z, we obtain the QNM condition for the scalar-type gravitational perturba-
tion as follows.
ω3 + ω2
[
− 3σˆkˆ + i(−2 + 3kˆ
2 + 3`)(1 + 2α˜+ 2α˜2)
(1 + 2α˜)(1 + α˜)
]
− ω
(1 + 2α˜)2(1 + α˜)2
[(
12α˜4 + 24α˜3 + 23α˜2 + 12α˜+ 3
)(
kˆ4 + 2`kˆ2 − `(`− 1)
)
−kˆ2
(
3σˆ2(1 + 2α˜)2(1 + α˜)2 + 20α˜4 + 40α˜3 + 39α˜2 + 20α˜− 5
)
+(6ikˆ3 + 2i(3`− 2)kˆ)σˆ
(
1 + 5α˜+ 10α˜2 + 10α˜3 + 4α˜4
)]
− i
(1 + 2α˜)4(1 + α˜)4
[
(1 + 3α˜+ 6α˜2 + 6α˜3 + 4α˜4)(kˆ6 + (`− 1)`2) +
+
(
3kˆ4(`− 1) + kˆ2(3`2 − 4`+ 2)
)
(2α˜2 + α˜+ 1)(2α˜2 + 2α˜+ 1)
−
(
3kˆ4 + (3`− 2)kˆ2
)
σˆ2(2α˜2 + 2α˜+ 1)(2α˜2 + 3α˜+ 1)
+iσˆ
(
kˆ5 + 2`kˆ3 + (`− 1)`kˆ
)
(12α˜4 + 24α˜3 + 23α˜2 + 12α˜+ 3)
−ikˆ3
(
σˆ3(2α˜2 + 3α˜+ 1)2 + σˆ(20α˜4 + 40α˜3 + 39α˜2 + 20α˜+ 5)
)]
= 0. (5.31)
As we explained above, the slowly boosted EGB black string is related to the large radius limit of
EGB black ring once the boost velocity takes a specific value. The QNMs on both sides should be
related by such relation as well. Indeed, by taking the large radius limit, identifying mˆ = kˆ and
using ζ = σˆ, we find that (4.5) is identical to (5.31).
For ` = 0, this cubic equation of ω is easy to solve,
ω
(`=0)
0 = kˆσˆ −
i(2α˜2 + 2α˜+ 1)(kˆ2 − 2)
(α˜+ 1)(2α˜+ 1)
, (5.32)
ω
(`=0)
± = kˆσˆ − ikˆ2
1 + 2α˜+ 2α˜2
(1 + α˜)(1 + 2α˜)
±
ikˆ
√
1 + 4α˜+ (7 + kˆ2)α˜2 + 8α˜3 + 4α˜4
(1 + α˜)(1 + 2α˜)
. (5.33)
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The mode ω
(`=0)
0 should be discarded as it is a gauge mode. The modes ω
(`=0)
± are physical and
correspond to the QNMs of the S-wave sector of the scalar-type gravitational perturbation of the
slowly boosted black string. When σˆ = 0, the above result reproduces the one of the EGB black
string [47]. The solution branch ω
(`=0)
+ shows the GL instability [9] for kˆ < 1. It is easy to see that
the critical wavenumber of the threshold mode is independent of the GB coefficient. Moreover, the
effect of the GB term on the instability is the same as the one without the boost transformation [47].
That is, when −1/2 < α˜ < 1/√2, the increase of α˜ alleviates the instability but when α˜ > 1/√2
the increase of α˜ enhances the instability.
For kˆ = 0, the quasinormal mode condition yields
ω
(kˆ=0)
0 = −i`
1 + 2α˜+ 2α˜2
(1 + α˜)(1 + 2α˜)
, (5.34)
ω
(kˆ=0)
± =
−i(`− 1)(1 + 2α˜+ 2α˜2)±
√
(`− 1)
[
(1 + 2α˜+ 2α˜2)2 − `α˜2
]
(1 + α˜)(1 + 2α˜)
. (5.35)
Similar to the analysis on the axisymmetric perturbations (m = 0) of the EGB black ring, these
modes correspond to the decoupled vector and scalar modes of EGB black hole on SD−2. For ` 6= 0
and kˆ 6= 0, no unstable mode is found. Therefore for the slowly boosted GB black string, similar
to the case in the Einstein gravity [25], the instability only exists in the S-wave (` = 0) sector.
6 Summary
In this paper, by using the large D effective theory of the black hole, we studied the slowly
rotating black holes in the Einstein-Gauss-Bonnet (EGB) theory. These black holes include the
EGB black ring, the slowly rotating EGB black hole and the slowly boosted EGB black string.
According to the property of the EGB black string that the tension is small relative to the mass,
and inspired by the analysis of thin black ring via the blackfold method at large D, it is believed
that the large D EGB black ring belongs to the class of slowly rotating black holes with the horizon
angular velocity being of O(1/√D). Thus the construction of the EGB black ring is feasible.
Firstly, by integrating out the radial direction of the EGB equations, we obtained the effective
equations for the slowly rotating black holes. The EGB black ring solution was constructed an-
alytically as the stationary solution of the effective equations with the embedding into flat space
in the ring coordinates. We found that the horizon velocity and the angular momentum decrease
with the GB coefficient when it is small, however, when the GB coefficient is large, the the horizon
velocity and the angular momentum increase with it. By performing the perturbation analysis of
the effective equations we obtained the quasinormal modes of the EGB black ring. We found the
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GL-like instability for the non-axisymmetric perturbations when the EGB black ring is relatively
thin. The effect of the GB term on the instability is the same as it has on the angular momentum
of the EGB black ring. As byproducts, we constructed the slowly rotating EGB black hole and the
slowly boosted EGB black string via different embeddings, and studied their dynamical instability.
In particular, we found that the large radius limit of the EGB black ring is identical to the slowly
boosted EGB black string with a critical boost velocity.
By numerically solving the effective equations of the black ring, we studied the non-linear
evolution of the EGB black ring. We found that at y = −1/R, pz is decoupled from the other two
functions such that the effective equations can be solved numerically. In this particular case, the
behavior of the black ring in the non-linear regime is very similar to that of the black string. When
the black ring is not very thin, i.e. m/R > 1, the initial perturbation quickly dissipates and the
black ring becomes uniform. For thinner black ring, i.e. m/R < 1, the initial deformation grows
fast, finally the solution settles down at a stable non-uniform black ring. Therefore the numerical
result gives a relatively strong evidence to support the conjecture given in [24]. Due to the existence
of the angular momentum, the inhomogeneity along the rotating direction of the black ring is not
static but moves with time. The presence of the GB term does not essentially change the behavior
of the black ring in the non-linear regime. The effect of the GB term is reflected in the time the
unstable black ring needed to reach the final stable state. Similar to the effect on the black string,
we found that when α˜ is small, the time to reach the stable state decreases with it, and when α˜
is large, then the time increases with it, which is qualitatively consistent with the perturbation
analysis.
The work in this paper could be extended in several directions. By considering higher orders
of the 1/D expansion, one may explore other interesting problems. For example, in [30] the elastic
instability is found by adding 1/D2 corrections to the effective equations and performing the 1/
√
D
instead of the 1/D expansion. It would be interesting to investigate if this occurs for the EGB
black ring and what the end point of the elastic instability could be. Moreover, recently it was
found [53] that by performing the 1/D expansion to higher orders the behavior of the black string
below the critical dimensions can be clearly captured. It might be possible to study the behavior
of the black ring below a similar critical dimension.
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